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Moving interface problem

e Saffman-Taylor instability — Viscous
fingering
o Crude oil extraction
o Tumor growth
o lIce crystal formation
(Mullins-Sekerka Instability)
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Moving interface problem

e Saffman-Taylor instability — Viscous ' |
fingering
o Crude oil extraction
o Tumor growth
o lIce crystal formation
(Mullins-Sekerka Instability)

e Both region satisfy elliptic PDE of
the form

- (V (o(x)V) + “2(’()) u(x) = f(x)  Source: www.youtube. com/watch?v=
9F1syOsc_cg
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x €Q, k,0 € C? are variable coefficients
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Target problem
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Objective

e Learn fundamental solution G(x,y) for an elliptic PDE

LxG(x,y) = 5(x,y) Vx,y € Q
G(xyy=0 Vy € Q,x € 0Q
G(x,y) = G(y,x) Vx,y € Q

e Use learned fundamental solution to solve interior, exterior and interface
problems



Generalized boundary integral equation

e Solution in terms of boundary integrals

u) = [ FDEI— [ oul) G xy)dS+ [ ouly)Ex)as()

where

f(x)=— (V (oV) + /<;2) u(x) = Lyxu(x)

where k € C2 is variable “reaction” coefficient



Boundary integral (Bl) — Neural network
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Boundary integral (Bl) — Neural network

u) = [ FOEN~ [ o T xS0+ [ o) Vas()Elx)dS0)

u(x; ©,60) = Z a;if(x;)
ieN;
— > di u(x?;0) n; -V
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Results: Helmholtz equation

V2u(x) + k*u(x) =0

describes the wave propagation in areas
like acoustics
k = 20: the wave number



Results: Helmholtz equation
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describes the wave propagation in areas 06 —— leamed
like acoustics =
k = 20: the wave number ’l‘ 0.4
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Yo: Bessel function of the second kind of
order 0



Results: variable coefficient equation

V- (oVu)+K2u="f

. 1.22

agx,y) = 1.5+ 0.5(sin(x) + cos(y)) 1.0y 114
k*(x,y) = 20 + exp(0.8x + 0.6y) osl 1.06
Use a test function: 0.98
0.6 0.90

uo(x,y) = exp(—x) cos(y)+exp(—y)sin(x) = | 0.82
' 0.74

Relative Ly error: 0.2t 0.66
. Y 0.0l | 0.58

Ly = \/EJ(U(X’) to(1)) 000 025 050 075 1Loo 0°°

> Uo(Xj)?



Results: variable coefficient equation (contd.)

0.5} |

V.- (oVu)+K2u=f
o(x,y) = 1.5+ 0.5(sin(x) + cos(y)) and k2(x,y) = 20 + exp(0.8x + 0.6y)
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Results: variable coefficient equation (contd.)

V.- (oVu)+K2u=f
o(x,y) = 1.5+ 0.5(sin(x) + cos(y)) and k2(x,y) = 20 + exp(0.8x + 0.6y)
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Student projects

e Extend this model to 3D elliptic PDEs
e Allow mixed boundary condition: part Dirichlet and part Neumann

e Write unit tests for existing code base
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Minimum requirement

e Working understanding of neural networks
e Comfortable with pytorch and python

e Comfortable working with large code base



Question?
pnegi@iit.edu
RE 213



